Theoretically, we study the dynamics of a current induced domain wall in the bi-layer structure consists of a ferromagnetic layer and a non-magnetic metal layer with strong spin-orbit coupling in the presence of spin-Hall effect. The analytical expressions for the velocity and width of the domain wall interms of excitation angle are obtained by solving the Landau-Lifshitz-Gilbert equation with adiabatic, nonadiabatic and spin Hall effect-spin transfer torques using Schryers and Walker's method. Numerical results show that the occurance of polarity switching in the domain wall is observed only above the threshold current density. The presence of transverse magnetic field along with spin Hall effect-spin transfer torque enchances the value of the threshold current density, and the corresponding saturated velocity at the threshold current density is also increased.
I. INTRODUCTION
The manipulation of a domain wall in a ferromagnetic nanostructure by magnetic field and current play an important role for many important technological applications including logic device 1 and information storage 2 . The field induced domain wall motion can be explained by the reduction in Zeeman energy 3 , whereas the current induced domain wall motion is accomplished by the adiabatic and nonadiabatic spin transfer torques 4, 5 . These torques transfer the spin angular momentum from nonequilibrium conduction electrons to local magnetic moments 4 . In general, the motion of the domain wall is in the direction of the applied magnetic field whereas for current it moves in the opposite direction. The regular motion of the domain wall is limited by the Walker breakdown limit and above the limit, the dynamics of the wall changes from regular to oscillatory behavior 5 . For the efficient technological applications, the velocity of the domain wall is focused and it is to be enhanced.
The maximum velocity of the domain wall is limited by the Walker breakdown and the increase of this limit is attained by applying the in-plane transverse magnetic field [6] [7] [8] [9] [10] [11] . The present authors also studied the dynamics of current and field induced transverse type Neel domain wall in the presence of transverse magnetic field and observed that the velocity of the domain wall is increased enormously 12 .
Recently, a new type of spin-transfer torque due to spin-orbit coupling namely spin Hall effect-spin transfer torque has been identified in a bi-layer system consists of ferromagnetic layer and non-magnetic metal layer with strong spin-orbit coupling [13] [14] [15] [16] . When an in-plane current is passed through the bi-layer system, a perpendicular spin current is produced in the metal layer due to spin-Hall effect and it is injected into the ferromagnetic layer,
where the injected spin current exerts the spin Hall effect-spin transfer torque on the magnetic moments. The applications of the spin-Hall effect include storage 13 , magnetization switching 13, 17, 18 and the recent works contribute the influence of spin-Hall effect in domain wall dynamics 16, [19] [20] [21] [22] . The strength of the spin Hall effect-spin transfer torque is determined by spin-Hall angle which is the ratio between the density of the spin current injected into the ferromagnetic layer and the density of the current passed into the metal layer. The spin Hall effect-spin transfer torque affects the damping ratio in the weak pinning potential exists in the ferromagnetic layer and results in the reduction of threshold current density for depinning the domain wall 19 . Recently, Haazen et al experimentally proved that the depinning efficiency of the domain wall is increased by spin Hall effect-spin transfer torque 16 . Seo et al have studied the domain wall motion in Py/Pt bilayer in the presence of spin-Hall effect 20 and observed that there is a possibility of domain wall motion which is along the direction of the current and it enhances the velociy of the domain wall enormously and also obtained the polarity switching of the domain wall without oscillatory behavior.
From the above motivation of increasing the velocity of domain wall, in the present paper the authors study the effect of transverse magnetic field on the dynamcis of the current induced domain wall in the presence of spin-Hall effect analytically and numerically. The paper is organized as follows: In Section II, the cartoon model of the domain wall and the governing equation of motion for the dynamics of domain wall are presented. The analytical expression for excitation angle, width and velocity of the domain wall are also obtained.
Section III explores the numerical results of the domain wall dynamics which are obtained by solving the dynamical equation using Runge-Kutta-4 method and discusses the impact of transverse magnetic field on the current driven domain wall motion in the presence of spin Hall effect-spin transfer torque. Finally, the results are concluded in Section IV.
II. MODEL AND DYNAMICS FOR DOMAIN WALL MOTION
A schematic representation of a bi-layer system consists of a ferromagnetic(Py) layer with left and right domains which are seperated by a domain wall and a nonmagnetic(Pt) layer with strong spin-oribit coupling which is responsible for spin-Hall effect has been shown in in the Py/Pt bi-layer nanostrip is governed by the famous Landau-Lifshitz-Gilbert equation with different spin transfer torques can be expressed as follows.
where,
M s (= |M|), γ and α refer the saturation magnetization, gyromagnetic ratio and Gilbert damping parameter respectively. b and c are the magnitudes of the adiabatic and nonadiabatic spin transfer torques with the nonadiabaticity parameter(ξ) respectively. d is magnitude of spin transfer torque due to spin-Hall effect, θ SH is spin-Hall angle and P is polarization of spin current. µ B , e and t F are the Bohr magneton, charge of electron and thickness of the ferromagnetic layer respectively. H ef f represents the effective field due to different magnetic contributions. In the right hand side of Eq.(1), the first term represents the precession of magnetization about the effective field which determines the precessional frequency and conserves the magnetic energy. The second term represents damping of magnetization, which dissipates energy during the precession of magnetization. The third and fourth terms are adiabatic and non-adiabatic spin transfer torques. In the adiabatic assumption, the polarization of the electrons spin is parallel to the direction of the magnetization, the spatial variation of magnetization in domain wall excerts the torque on the conduction electrons passing through the domain wall and consequently the reaction torque by the conduction electrons is excerted on the domain wall is called adiabatic spin transfer torque. The nonadiabatic spin transfer torque is the reaction torque produced by the mistracking spins between the conduction electron and local magnetization. The last term is the spin Hall effect-spin transfer torque. The effective field contribution present in the bilayer system is given by
where, the first term represents the field due to exchange interaction and A is exchange interaction constant . H k and H h are the easy axis and hard axis anisotropy fields respectively and H y is the transverse magnetic field.
In order to understand the dynamics of domain wall, the Eq.(1) has to be solved, which is a highly nontrivial vector nonlinear evolution equation and difficult to solve in the present form. Hence, Eq. (1) is transformed into polar coordinates (FIG.1(a) ) using the following
The 
forms a constraint H y < H k . Otherwise all the magnetic moments of the strip would orient along positive y-direction and it leads to the disappearance of the domain wall, therefore H y is always taken below H k . It is assumed that the transverse magnetic field is applied to the static domain wall first along positive y-direction and after the magnetic moments in the strip come to the new equilibrium direction, current is applied along x-direction in the presence of transverse magnetic field. The magnetization inside the domains can be excited in the out-of-plane direction due to spin Hall effect-spin transfer torque and this change in the magnetization direction is neglected for low current densities due to the weak field associated with spin Hall effect-spin transfer torque.
In order to solve the Eqs.(5a) and (5b), the trial functions for θ and Φ are constructed θ(x, t) = 2 tan
where, a 1 = 1 +
, X is the position of the center of the domain wall, W is the width of the domain wall, and φ(= Φ(X, t)) is defined as the excitation angle of the domain wall. U is the step function defined as
The equations for the excitation angle, velocity and width of the domain wall are obtained by solving Eqs.(5a) and (5b) for x = X(t) using the trial fucntions Eqs. (6) and (7)[see Ref.12] . The obtained equations are given below
Where,
is width of the domain wall in the absence of current and transverse magnetic field,
Equations (8), (9) and (10) hence it is essential to solve the Eq. (8) to find velocity and width of the domain wall.
III. NUMERICAL RESULTS AND DISCUSSION
In the previous section, the analytical expression for width and velocity of the domain wall have been derived, but the excitation angle is not explicitly derived from Eq. (8) of the domain wall is opposite to the direction of current density, which means that the domain wall moves along the electron flow direction. For this case, the spin-Hall effect and nonadiabatic spin transfer torques act in the same direction, whereas when the sign of J and θ SH are opposite and the current density J is increased towards the threshold current density, the magnitude of the saturated velocity reaches the maximum value at J = J p and its direction changes into the direction of current density which implies that the motion of domain wall is in the opposite direction of the electron flow. The saturated velocity at threshold current density({v s } J=Jp ) is ∼ ±700 m/s for the θ SH = ∓0.1 respectively. Above the threshold current density, the magnitude of the saturated velocity is suddenly reduced from ±700 m/s and its direction turns back to the direction of current density due to the polarity switching.
So far we discussed the behaviour of the excitation angle with respect to different current enhanced by increasing the current density to attain the polarity switching. Therefore the threshold current density is slightly increased by transverse magnetic field and the values of the threshold current densities corresponding to the transverse magnetic fields (0, 1000, 2000 and 3000 A/m) are listed in Table. 1. in Table. 1. The threshold current density J p and the saturated velocity at threshold current density is also increased (see Fig.5(b) ). This can be verified analytically from Eq.(2c) as the strength of the spin Hall effect-spin transfer torque is directly proportional to the current density J, which implies that the threshold current density is increased and the corresponding strength of the spin Hall effect-spin transfer torque is also increased. Hence the saturated velocity of the domain wall at the threshold current density is increased. 
IV. CONCLUSIONS
In the present paper, the authors study the current driven domain wall dynamics in a Py/Pt bi-layer structure in the presence of spin-Hall effect along with transverse magnetic field. The dynamics is governed by Landau-Lifshitz-Gilbert equation with adiabatic, nonadiabatic spin transfer torques and spin Hall effect-spin transfer torque, which was solved by Schryer and Walker's method. From the results, the analytical expression for the velocity and width of the domain wall are expressed in terms of the excitation angle. The numerical results show that the polarity switching of the domain wall occurs only when the current density is above the threshold, which is confirmed by the increase of saturated excitation angle from ∼0
• to ∼ ±180
• corresponding to the spin-Hall angles ∓0. In conclusion, the polarity switching of the domain wall occurs only above the threshold current density, the increase in transverse magnetic field increases the threshold current density and the corresponding saturated velocity at the threshold current density is also increased. From the above results, we observed that the in-plane transverse magnetic field plays an important role in increasing the velocity of the current induced domain wall dynamics in the bi-layer structure with the spin-Hall effect and it may be useful in developing high performance applications using domain wall motion.
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